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Abstract. We make an observation which enables one to deduce the 
existence of an algebraic stack of log maps for all generalized Deligne- 
Faltings log structures (in particular simple normal crossings divisor) 
from the simplest case with characteristic generated by N (essentially 
the smooth divisor case). 
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1. Introduction 

The idea of stable logarithmic maps was introduced in a legendary lec- 
ture by Bernd Siebert in 2001 [SieOlj . However, the program has been on 
hold for a while, since Mark Gross and Bernd Siebert were working on other 
projects in mirror symmetry. Only recently they have taken up the unfin- 
ished project of Siebert jointly jGSj . The central object is a stack }Cr{Y) 
parameterizing what one calls stable logarithmic maps of log-smooth curves 
into a logarithmic scheme Y with T indicating the relevant numerical data, 
such as genus, marked points, curve class and other indicators related to the 
logarithmic structure. One needs to show ICr{Y) is algebraic and proper. 
Gross and Siebert's approach builds on insights from tropical geometry, ob- 
tained by probing the stack of log maps using the standard log point. It 
covers the case of fixed targets with Zariski log structures, and is currently 
being extended to targets with relatively coherent log structures. 

In |Chen| , the second author considers another combinatorial construction 
of the stack ICr{Y) when the logarithmic structure Y on the underlying 
scheme Y is associated to the choice of a line bundle with a section. The 
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motivating case is that of a pair {Y_,D), where ^ is a smooth divisor in 
the smooth locus of the scheme y underlying Y. This particular situation 
enables him to approach the degeneration formula of |LROH IIP031 ILi02j in 
terms of logarithmic structures. It should be pointed out that these stable 
Logarithmic maps are not identical to those of Kim jKimOQj . though they 
are closely related. 

Our point is that based solely on this special case, one can give a "pure 
thought" proof of algebraicity and properness of the stack }Cr{Y) whenever 
y is a so called generalized Deligne- Fallings logarithmic structure. By saying 
y is a generalized Deligne-Faltings log structure we mean that there is a 
fine saturated sharp monoid P and a sheaf homomorphism P ^ My which 
locally lifts to a chart P — t- Aly; the slightly simpler Deligne-Faltings log 
structure is the case where P = . This in turn covers many of the cases of 
interest, such as a variety with a simple normal crossings divisor, or a simple 
normal crossings degeneration of a variety with a simple normal crossings 
divisor. We generalize it a bit further in Proposition 13. 131 It does not cover 
the case of a normal crossings divisor which is not simple, but we expect to 
cover this case using descent arguments. 

The purpose of this note is to set up a general categorical framework which 
enables us to make this construction. This general setup is of use not only 
for /Cr(y). In particular we have applications, pursued elsewhere [ACGMj . 
to constructing the target of evaluation maps of logarithmic Gromov-Witten 
theory. 

All logarithmic schemes in this note are assumed to be fine and satu- 
rated logarithmic schemes - abbreviated fs log schemes - unless indicated 
otherwise. 

1.1. Acknowledgements. We thank Danny Gillam, Mark Gross, Davesh 
Maulik, Martin Olsson, Bernd Siebert, and Angelo Vistoli for numerous 
helpful comments on this work. 

2. Logarithmic maps: a tale of two categories 

2.1. Stable maps. Let y be a projective scheme. The stack of stable maps 
to y is defined as follows: one fixes discrete data F = [g, n, /3) where g, n 
are non-negative integers standing for genus and number of marked points, 
and /? is a curve class on Y_. A pre-stable map to Y_ over a scheme S is a 
diagram 

C >¥ 



S 

where C 5 is a proper fiat family of n-pointed prestable curves, and 
C — 7- y a morphism. The prestable map is stable if on the fibers the groups 
A.utY{C_g) are finite. Morphisms of prestable curves are defined as cartesian 
diagrams. 
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One easily sees that prestable maps form a category fibered in groupoids 
over the category of schemes. It is an important theorem that this fibered 
category is represented by an algebraic stack K^^'^(Y), and the substack 
Kp(y) of stable maps of type T is proper with projective coarse moduli 
space |Kon95j . When Y_ is smooth, there is a perfect obstruction theory, 
giving rise to a virtual fundamental class [Kpfy)]'^^''^ underlying the usual 
algebraic treatment of Gromov-Witten theory [LT98( IBF97j . 

The main result of this note is an analogue of the following evident result: 
assume H = Hi Us- Then 

K'"'''iX.2) 

2.2. Stable logarithmic maps as a stack over ZoQ&ct). Let 1" be a 

fs logarithmic scheme with projective underlying scheme Y_. One can re- 
peat the construction above, replacing prestable curves by log smooth curves 
[KatOOj . and repl acing all morphisms of schemes by morphisms of log schemes: 
a prestable log map over 5" is a diagram of logarithmic schemes 

C >Y 



where C ^ S" is a log smooth curve and C ^Y a morphism of log schemes. 
We define such a map to be stable if the underlying prestable map is stable. 
Arrows are defined using cartesian diagrams: 

C > C > Y 



S' >S 

Again it is evidently a category fibered in groupoids, but this time over 
the category £og(3cfi of fs logarithmic schemes. It is proven in [Chen when 



the log structure Y is given by a line bundle with a section, and more general 
in |GSj . that this category is an fs logarithmic algebraic stack: there is a 
logarithmic algebraic stack JCr{Y) = (/C, A^^), where the log structure is fs, 
such that stable logarithmic maps over S are equivalent to log morphisms 
S ICriY). Denote the universal log smooth curve by C — > ICr{Y). 

It is natural to search for general criteria for algebraicity of such logarith- 
mic moduli which is analogous to Artin's work |Art74| . We do not address 
this general question here. 

2.3. Stable logarithmic maps as a stack over ©cf). The existence of 
ICr{Y) has immediate strong implications on the structure of stable log 
maps. Objects of the underlying stack !C-p{Y) over a scheme 5 can be 
understood as follows: an object is after all an arrow S_ — )■ !Cp{Y). It 
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automatically gives rise to a cartesian diagram 

(jm\n ^ (J ). Y 



gmin y ICriY) 



s >)CAY), 

in particular an object 5*™° — )■ ICr{Y), but here the logarithmic structure 
gram puUgg back from ICr{Y). Moreover, every stable log map factors 
uniquely through one of this type: Given a stable log map over S we have a 
morphism S — )• JCr{Y) by definition, giving rise to an extended diagram 

C > > <t > Y 



S > 5"™™ > ^r{Y) 



S >lCr{y)- 

Following B. Kim |Kim09j we call a log map over S minimal (not to be con- 
fused with log minimal models of the minimal model program) if S — )• ICr{Y) 
is strict, namely the log structure on S is the pullback of the log structure on 
ICr{Y). It follows tautologically that the underlying stack !Cj-{Y) precisely 
parametrizes log maps with minimal log structure. 

In fact this thought process is reversible: the construction of [Chenj in 
the case of a Deligne-Faltings log structure of rank 1 goes by way of con- 
structing a proposed minimal log structure associated to any log map, and 
verifying that log maps where the log structure is the proposed minimal 
one are indeed minimal (every object maps uniquely to a minimal one), and 
form an algebraic stack over (3cf) carrying a logarithmic structure. In short, 
the second categorical interpretation, of JC^piY) as a stack over ©cf), takes 
precedence here. 

One is tempted to try to mimic the same construction in general. This 
is not the route taken here. In fact we use the universality of the category 
ICriY) over £og©cf) for given Y to deduce its algebraicity from cases of 
simpler Y. Minimal object are obtained as an afterthought in Proposition 
13.161 and described combinatorially in Section 14.11 It is worthwhile setting 
this up in general. 

2.4. The general setup. Consider a commutative diagram 
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where X — )■ S is an integral morphism of fs log schemes with B_ flat 

and proper, W is an fs log scheme, and X — )■ W_ a morphism. We can define 
a category Lift/- fibered in groupoids over £o0(3cf) whose objects over S are 
morphisms S — )> i? of fs log schemes with a lifting fs : Xs Wg of the 
underlying morphism : X q — > W q. The arrows are again defined by 
taking cartesian diagrams. We can ask the following question: 

Problem 2.5. Is the category Lift/ equivalent to an fs logarithmic algebraic 
stack Ciftf? Under what conditions is it proper? 



In fact if convenient we can remove the geometry of W entirely from the 
picture, mimicking the methods of Olsson |Ols06] : consider W = W x r B 
and Z = X W . Then Z is a logarithmic scheme over X . The category 
Lift/ is evidently equivalent to the category Secx/Bi^/^) whose objects 
over a log morphism S ^ B are sections Xs — >■ Zs of Zs — > Xs- 

The main result is the following: 

Theorem 2.6. Let A = {Za,TTai3 ■ Z^ Z^") be a finite diagram of fs log 
schemes over X, with final object X. Assume 

Z = lim(A) 

in the category of fs log schemes. Then 

Secx/B{Z/X) = limSecx/siZa/X) 

namely it is the limit in the category of fs log schemes. 

If the reader finds general categorical limits a bit off-putting, the main 
cases needed for our applications are (1) fiber products, and (2) equalizers, 
which can be described as fiber products using the diagonal morphisms. 

The existence of such limits in the category of fs log schemes is proven in 
|Kat89j : the case of arbitrary log structures is treated in (1.6), coherent log 
structures in (2.6), and fine log structures follow from (2.7); the case of fs 
log structures follows from the analogous adjoint functor with P*"* replaced 
by P'"^ ( |Qgu06t Chapter I, Proposition L2.3]). 
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Proof of the theorem. An object of Secx/si^/^) over an arrow S — > i? is 
by definition a section s : Xs — > Z, and composing with the canonical 
maps we get Sa '■ Xs — > Za such that for each arrow -Kap : Z^ ^ Z^ 
in A we have iXa^ o s^, = sp. This in particular gives us a diagram of 
objects Sa G Secx/_B(-^o/-^)('S') with 7rQ,^(sQ,) = s^, namely an object of 
lim Secx/5(Zj/X). The correspondence on the level of arrows is similar 
(though maybe more confusing). 

The process is completely reversible, hence the equivalence. 4^ 

3. The stacks of stable logarithmic maps 

Theorem 12.61 applies directly to the category Liftj and Problem l2.5l In the 
present section we make this as explicit as possible, including a discussion 
of contact orders, the deformation-invariant numerical data encoded in the 
logarithmic structure. 

3.1. The case of Deligne-Faltings pairs: setup. Let the target y be a 
DF pair. We first break up the log structure Aiy into the known cases as 
in [Chen]. We may assume that P = N™, and index the m copies of N by 
the set {1, 2, • • • , m}. Note that the map P — > My locally lifts to a chart. 
Consider the i-th copy of N, and denote by Nj ^ P. Locally the following 
composition 

Ni ^ P ^ My 

defines a rank 1 DF-log structure Mi on y. Note that Mi C My is a 
sub-log structure, and the following decomposition holds: 

(3.L1) My = Ml ®o*y M2 ®o*y ■ ■ ■ ®o*y Mm- 

Denote by 1^ = {Y_, Mi) for all i. We view y as a log scheme with trivial 
log structure. The above decomposition is equivalent to 

(3.L2) y = yi xy y2 xy ••• xy y^, 

which can be written as 

Y = ]^Yi. 

Note that each Mi corresponds to a pair (Lj, Sj), consisting of a line bundle 
Li with a section Si G H^{L^). 

3.2. Numerical data and contact orders. We introduce a notation for 
the numerical data: 

Notation 3.3. Denote by F = {/3,g,n,c) where 

(1) /3 G H'^iY, Z) is a curve class; 

(2) g is a non-negative integer, which will denote the genus of the source 
curve; 

(3) n is a non-negative integer, which will denote the number of marked 
points; 
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(4) c = {{cl)^i}^^-^ is a set of tuples, where denotes the contact order 
of the j-th marking with respect to Mi. Hence we require that 

n 

where ci{L'^) is the first chern class of L^. 

Note that the set c, hence the stack ICr{X) we will construct later, de- 
pends on the choices of P. For example, consider the union of two dis- 
joint divisors D = Di U D2 in y. Denote by li the ideal sheaf of Di, and 
Si : li ^ Oy_ the natural injection. Let My be the standard log structure 
associated to D on y, and Y the log scheme (H, Aly). Now we have two 
map of sheaves of monoids 

(3.3.1) N^ATy, and N^^ATy, 

where the first one is given by the ideal sheaf Id of D with the natural 
injection sd '■ Id ^ Oy, and the second one is given by the two pairs (/j, Sj) 
for i = 1,2. Note that both maps of monoids in (|3.3.ip can be lifted to 
charts of M-y locally. 

Consider a marked point p with assigned contact order c under the choice 
P = N. This includes the following two cases: p can have contact orders c 
with Di and with or c with D2 and with Di. However if we choose 
the second case where P = N^, then the contact orders along both Di and 
D2 will be specified. Thus, if we choose different choice of P, hence different 
c, we will obtain different tangency conditions, hence different stacks }Cy(Y). 

If we consider the stack K}g^{Y,(i) as in [Chen] . which parametrizes min- 
imal stable log maps with all possible choices of contact orders. This does 
not depend on the choice of the monoid P. For any choice of P and F, the 
stack /Cr(y) is an open and closed substack of /Cg°n(y, /3). 

A further refined and entirely canonical formalism of contact orders fol- 
lows from |ACGMj : given any fs logarithmic scheme Y one defines an Artin 
stack Al", locally of finite type over y , parameterizing standard log points in 
y. We call it the evaluation space ofY. Given a stable log map f : C Y 
and an integer j with 1 < j < n, the restriction /x;^. : Sj — > y of / to the 
j-th marking, is an element of Ay. This defines the j-th evaluation map 
ICg,niY,f3)^AY. 

Definition 3.4. A logarithmic sector oiY is an element c G 7ro(Ay), namely 
a connected component of the evaluation space of Y . A stable map / is said 
to have canonical contact order c = (c^, . . . ,c") if the j-th evaluation map 
lands in the logarithmic sector G 7ro(Ay). 

In |GS|. Formula (1.6)], Gross and Siebert introduce numerical data de- 
noted Up. This data is closely related to our canonical contact orders; this 
relationship is made more precise in [ACGMj . 
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The discussion which follows works equally well with the explicit and 
down-to-earth contact orders of Definition 13.31 ^ with the canonical contact 
orders of Definition I3.4[ 

3.5. The case of Deligne-Faltings pairs: the stacks. 

Definition 3.6. Denote by ICr{Y) (respectively /Cp'^'^(y)) the category fibered 
over £o0(3cf), which parametrizes stable Log maps (respectively pre-stable 
log maps) with discrete data T as in Notation 13.31 

Note that for each i, we have a set Cj = {c^}"^^. Consider the discrete 
data Fj = {/3, g,n,Ci). Then by |Chen| we have the log stack JCr^iYi), pa- 
rameterizing minimal stable Log maps with discrete data Pj. (If instead 
we use canonical contact orders, then Cj is simply the image of c under the 
canonical map 7ro(Ay) — > 7ro(Ayi).) 

Consider the stack K,g,n{X-il^) of usual stable maps. Since the universal 
curve is prestable, it has a canonical log smooth structure coming from OJtg n 
using F. Kato's theorem |KatOOj . We put this in the setup of Secx/si^ / ^) 
by setting B to be K-g^n^-, /5) or /Cg^n (H, /?) with the pull-back log structure 
coming from OJtg^n; X to be the universal curve with its canonical log struc- 
ture; and W = Y X B. Consider Z = X X{y/XBB) ^ ^ before. Denote by 
Zi = X X(iyxflB) l^i for i = 1, • • • , m. Let Zo = X y<(^wxBB) Then by 
(13X2]) . we have 

Z = Zi Z2 y-Zo ■ ■ ■ XZo ^rn, 

or equivalently 

Z = l^m Zi . 

Corollary 3.7. The fibered categories ICr{Y) and /Cp^^(y) are represented 
by algebraic stacks equipped with fs log structures. Furthermore, ICr(Y) is 
representable and finite over /Cg,n(y, 

Proof. For the first statement, it follows from Theorem 12.61 that 

(3.7.1) IC^/^Y) - }C^[\Y,) x^...(^,^) . . . x^p.e(^_^) IC^rZi^^)^ 

where the fibered product are taken in the category of fs log schemes. It 
was shown in [Chenj that the first statement holds for lC^^^{Yi). Note that 

JCriY) - /Cr(>^) X;cg-(y,/3) }Cr{Y,f]). 

Thus, the first statement follows. 

Similarly, we have a fiber product of fs log stacks 

(3.7.2) /Cr(y) = ICrAYi) Xyc„„(y,/3) ' ' ' ^k,My,P) ^t^{Y^). 



Now the second statement follows from the finiteness of taking product in 
the category of fs log schemes, see |Ogu06 Chapter 2, 2.4.5]. 4ft 
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3.8. The case of generalized Deligne-Faltings pairs. Slightly general- 
izing the above situation, we first give the following: 

Definition 3.9. A log structure TWy on Y_ is called a generalized Deligne- 
Faltings log structure, if there exists a toric sharp monoid P and a map 
P ^ My from the sheaf of constant monoid P, which locally lifts to a 
chart. The log scheme Y = (H, A^y) is called a generalized Deligne-Faltings 
(DF) pair. 

Consider the target Y with generalized DF log structure My, with a fixed 
map P My as in Definition 13.91 Again we have B = JCg^n{Y_,P) with 
the pull-back log structure coming from dJlg^n] X is the universal curve of 
B with its canonical log structure; W = Y x B\ and Z = X X[wxbB) ^ as 
before. 

By |Qgu06 Chapter 1, 2.1.9(7)], we have the following coequalizer dia- 
gram of monoids 



(3.9.1) 



N"2 n"-^ — ^ P, 

V2 



where ni and n2 are non-negative integers. This is equivalent to say that 

P = lim(N"2 ^ N"i). 

Thus we have the following push-out diagram of fs monoids: 



(3.9.2) 



e W2 



Vl(BV2 



Since the map P ^ My locally lifts to a chart, the two compositions 

^P ^ My and ^ P ^ My 

induce two DF log structures Mi and M2 respectively, with the following 
coequalizer diagram of log structures: 



(3.9.3) 



M, 



V2 



Ml 



^M 



Y- 



Denote by A^s = A^2 ©oj, M2- Since is DF, there is a natural map 



N"2 e: 



jn2 



M, 



which locally lifts to a chart. Thus M3 is also a DF log structure. It is 
not hard to check that the coequalizer diagram (j3.9.3p is equivalent to the 
following push-out diagram: 



(3.9.4) 



M3 

vi(Bv2 

Ml 



idffiid 



^M, 



^M^ 
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Denote by Yi = {Y_,^Ai), for i = 1,2, and 3. Then (|3.9.3|) induces a 
equalizer of log schemes: 

Y^Yi^ Y2, 

or equivalently 

(3.9.5) Y = \^Yi. 

By construction, the map N"* Mi locally lifts to a chart. Hence each Yi 
is a DF pair. 

The diagram (j3.9.4|) implies that (|3.9.5|) is equivalent to the following 
cartesian diagram of fs log schemes: 

(3.9.6) Y > Y2 

Yi > Fa- 
Denote by Wi = YiX B, and Zi = X ^(w.xgB) Wi. Then (f3:93|l and ([3X6]) 
implies that 

(3.9.7) Z = l^Zi, 

or equivalently the cartesian diagram of fs log schemes: 

(3.9.8) Z > Z2 

Zi > Z3. 

We can define discrete data using canonical contact orders c as in Defini- 
tion 13.41 Alternatively, we can define a concret and down-to-earth version 
using Irr{P), the set of irreducible elements in P. Since the monoid P is 
toric and sharp, Irr{P) forms a set of generators of P. For each element 
a G Irr{P), there is a free sub-monoid Nq, = N ^ P, which induces a rank 
1 DF sub-log structure Ma C Aiy- Denote by (Lq,,Sq,) to be the pair of 
line bundle and sections corresponding to Ma- Again, we fix the numerical 
data r = (/3, g, n, c) such that 

(1) the data /3, g, n denote the curve class, genus, and number of marked 
points as in Notation 13.31 

(2) c = {(d) oe/rr(P)}j=i is a set of tuples, where c;^ denotes the contact 
order of the j-th. marking with respect to Ma satisfying 

n 

i=i 

Note that the data F induces discrete data Fj for log maps to Yi via 
([3X2]) . We obtain the following: 
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Corollary 3.10. Assume that the logarithmic structure of Y is a generalized 
Deligne-Faltings log structure. Then the categories ICr{Y) and /Cp^'^(y) are 
algebraic stacks with fs log structures. Furthermore, the stack ICr{Y) is 
representable and finite over ICg^niY_, (3). 

Proof. Again Theorem 12.61 implies that 

(3.10.1) IC^iY) - /C?7(yi) x^..e(^^) /C^-(y2) 

and 

(3.10.2) /Cr(y) = /Cr,(yi) x,Cr,{Ys) ^rAY2) 

where the fibered product is taken over the category of fs log schemes. Now 
the statement follows from the same argument as in Corollary 13.71 4^ 

Remark 3.11. Denote by ICg^n{Y,/3) = \lreA^^(Y), where A is the set 
of all possible contact orders F = {f3,g,n,c) with fixed g,n and /?. Then 
JCg^n{Y,l3) represents the category of stable log maps over £og(3cf) with all 
possible contact orders. Similarly, we can define the category K,^\niY,f3) = 
JJpg^ /Cp'^^(y), which parametrizes all pre-stable log maps with all possible 
contact orders. Clearly this is also represented by an algebraic stack with 
natural fs log structure. 

3.12. A further generalization. We can weaken the Deligne-Faltings as- 
sumption in Corollary 13.101 as follows. Consider a fine and saturated log 
scheme Y with a surjective homomorphism of sheaves of monoids Ny — > 
My This induces a new log scheme Y' with underlying scheme Y_, and the 
log structure A^y, which is locally given by the log structure associated 
to the composition of Ny Ady with a local chart A4y — > My — > Oy_. 
Thus we have a natural map ip : Y ^ Y' with tp = idy. Note that the log 
structure on Y' is Deligne-Faltings. 

As in Section [2T2l we have a fibered category lCg^n{Y,l3) parameterizing 
genus g, n-pointed stable log maps with curve class P to Y over £og(3cf). 
One can also introduce canonical contact orders as in Definition 13.41 Note 
that the map ip induces a natural map of the fibered categories 

(3.12.1) ct>:JCg,n{Y,P)^JCg,n{Y',(3). 

Proposition 3.13. The fibered category }Cg^n(Y, (3) is a logarithmic algebraic 
stack. Furthermore, the underlying morphism (j) is representable and finite, 
and the map of log structures <P* M.K.g n(y' .P) ~^ n{Y,p) ^■s surjective. 

Proof. By Corollarv 13.101 we have that ICg^niY' , (3) is a proper logarithmic 
algebraic stack. It therefore suffices to prove the second statement in the 
proposition. 

We construct Kg-aiY, /?) locally over ICg^n{Y', 13). We may assume we have 
a fs log scheme of finite type B' and a stable log map {C'/B', C — )• Y'). We 
claim that B := B' X-iCj^^y) ICr{Y) — > i?' is a finite map of the underlying 
schemes, and the log structure of B' surjects to that of B. 
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We take Z = Y Xy' C to he the fiber product in the category of fine log 
schemes. Then the canonical projection Z ^ C induces a closed embedding 
Z_^ C'. By |SGA64l VIII Theorem 6.5] and the reduction argument |Abr941 
Theorem 6(3)], there is a universal closed sub-scheme oi W_C satisfying 
that for any T — ^ ^' if Z x^/ T — >• C' x^/ T is an isomorphism, then the 
map T ^ B' factor through W_ uniquely. Note that any element of B over 
some fs log scheme T is a commutative diagram 



(3.13.1) 



ST 



Zt > Z > Y 



C > Y' 



Crp 



T yB'. 



where the two upper squares are cartesian squares of fine log schemes, and 
the bottom one is a cartesian square of fs log schemes. The map st is 
a section of Zt C'j,. Thus we have an isomorphism of the underlying 
schemes Zj. = C^. This implies that the map T ^ B^ , hence B_ ^ B^ 
factors through W_. We replace B' by W_, with the pullback log structure. 

Since the problem is local, we may assume that there are sections : 
B' C' for i = 1,2, ■ ■ ■ ,n landing in the generic locus, and meeting every 
component of every fiber. Let B'q = B' , Zq = Z, and Cq = C. We construct 
B by induction. 

Denote by B[ = B'q Xqi^ Zq, where the product is taken via ai in the 
category of fs log schemes. It follows that the underlying map of the first 
projection hi : B[ ^ B'q is finite, and the map of log structures h\: Jvi^^ ^ 
Mb' is surjective. We claim that the map B ^ B' factors through 
uniquely. To see this, we pick a commutative diagram as in (|3.13.ip . This 
induces a commutative diagram 



Zo,T > Zq 



ST 



^0,T > C'q 



T >B',,. 
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hence a commutative diagram 




where the dashed arrow is induced by the universal property of fibered prod- 
uct. This proves the claim. 

Replacing B'-_^ by B'- one at a time, and repeating the previous step, we 
obtain a sequence of maps {hi : B[ — > B[_^^i such that 

(1) the underlying map is finite; 

(2) the map of log structures /i,- : h*M.ff ^ — > J^b'. is surjective; 

(3) There is a canonical map B — ?• Bi^i of fibered categories over 
£o0©cf) which factors through Bi uniquely. 

Denote by Zn ^ C'^ ^ B'^ the pull-back oi Z ^ C ^ B' via B,', ^ B' . 
By |Ols03t Lemma 3.5 iii], after taking finitely many sections ui, we may 
assume Z„ — )• — > -B^ has the property that Z„ — > is an isomorphism 
along the smooth non-marked locus of each fiber. 

We claim that Z„ — )• is an isomorphism of log schemes. Since the 
underlying map is an isomorphism, it is enough to show that the induced 
map of characteristics I : Mz^ ^C'„ is an isomorphism. Note that we 
have a cartesian diagram of fine log schemes: 

Zn >Y 

C'n >Y'. 

Since the map of log structures M.y> — ^ My is surjective, the map of 
monoids / is also surjective. 

Denote by / : — > Y_ the underlying stable map, and TTn ■ C'^ ^ B'^ the 
map of log curves. Locally at a marked point p G C^, we have a push-out 
diagram of fine monoids: 

rMy y Jfp e KMb'^ 

I 

f*My y -Mz^ 

where = N = < 5 > is the standard log structure given by the marking 
associated top. Pick two elements c\b+e\^ 026+62 € Up®T^n-^B'„ locally at 
where 61,62 G -n^MB' ■, and ci,C2 are two non-negative integers. Assume 
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that l{ci ■ 6 + ei) = l{c2 • 6 + 62). By generalizing to a nearby smooth non- 
marked point of p, we have l{ei) = /(e2). Since / is an isomorphism at the 
generic smooth non-marked points, this imphes that ei = 62- Thus, we have 
l{ci6) = 1(026). If ci ^ C2, then there exists another positive integer C3 such 
that 1(036) = 0, which imphes that csJ = in N'p. This is a contradiction. 
Therefore, we have ci-6 + ei = 02 ■ 5 + 02- This imphes that I is an injection, 
hence an isomorphism at each marked point. A similar argument as above 
will imply that / is also an isomorphism at each node. Therefore, the map 
Zn — )• is an isomorphism of log schemes. 

Note that we have an element of B over B'^, which is given by the identity 
map id : C'^ Zn. This induces a map B'^ — ?> B. We claim that this map 
is an isomorphism of fibered categories over HogSct). Given an element of 
B over T as in (j3.13.ip . it is equivalent to have a commutative diagram 




where the two squares are cartesian squares of log schemes. Note that having 
ST is equivalent to have a commutative diagram 



CL 



/^Aly is a surjection. 



Since the morphism /^Aly — > f*j.M. 
exists, is unique. Hence, it is the pull-back of id 
This proves that B 



B'n- 



the section st if 
Zn via T — > B'n. 

4 



3.14. Minimal objects. Consider the fibered products (j3.7.2p . (j3.10.2p . or 
the map (|3.12.ip . By pulling back the universal maps of each 1^, we obtain 
the universal family of stable Log maps with discrete data F: 



(3.14.1) 



lCr(Y). 

This gives the first definition of the minimal stable Log maps: 
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Definition 3.15. A log map f : C ^ Y over a log scheme S is called 
minimal, if there exists a map 5 : 5 — )• /Cp(y) of the underlying structure, 
such that / is obtained by strict pull-back of (|3.14.ip via g. 

Proposition 3.16. Given any stable Log maps f : C over a log scheme 
S, there exists (up to a unique isomorphism ) a unique minimal stable Log 
map fm '■ Cm — > Y over Sm, and a log map S — > Sm such that 

(1) The log map f is given by the pull-back of fm via S — )• 5m- 

(2) The underlying map 5 — > 5^ is the identity. 

Proof. This follows from the universal property of ICr{Y) as a fibered cate- 
gory over £00(5 cf). ^ 



4. The combinatorial description of minimality 

4.1. The case of Deligne-Faltings pairs. The main result of [Chen] gives 
more than just Corollary 13.101 for the case P = N: we have an explicit 
combinatorial description of the minimal log structure associated to a given 
log map, in terms of marked graphs. A similar description is possible in 
general. We first present here the case P = N™'. 

4.1.1. The graph. Fix a log map f : C ^ Y over 5, such that S is a 
geometric point. Recall that we have a decomposition of Y as in (|3.1.2p . 
Denote by fi the following composition 

(4.1.1) C^Y^Y,. 

Let Gi be the marked graph of the stable Log map fi as in [Chenj . 

We associate to the log map / a k-marked graph G, formed out of the 
dual graph of the curve C with the following extra data: 

(1) k partitions of the vertices of G in two types V{G) = Vq^\g) U 
Vi^'\G) according to the log maps fi as in |Chen| . where i = 1, . . . ,k. 

(2) k integer weights c[*^ > 0, i = 1, . . . , m on the edges / € E{G), such 
that C; is contact order of fi along /. 

(3) k orientations of edges: whenever an edge / has extremities v, v' and 

c|*^ > 0, we choose one of the orientations v >, v' or v' >j v of the 
edge I, which is given by the corresponding orientation in Gj. 

4.1.2. The monoid. We introduce a variable ei for each edge / € E{G), and 
m variables ev \ i = 1,2, ■ ■ ■ ,m for each vertex v € V{G). Denote by hi^i the 
edge equations e^^) = + cf^ fo^ every edge / with extremities v <i v'; 
and hy^i the vertex equations = 0, for v € Vq\g). Consider the monoid 

M{G) = (^e„ei\v(^ V{G), I G E{G) ) / ( hi^i,K^i \ I G E{G), v G V^\g^) 
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Denote by T(G) the torsion part of M{GY^ . Then we have the following 
composition 

M{G) M{GyP M{GyP/T{G). 

Denote by N{G) the image of M(G) in M{GyP/T{G), and M{G) the sat- 
uration of N{G) in M{G)9P/T{G). 

Remark 4.2. When m = 1, the description in 14.11 is identical to the case 
in |Chen| . 

Proposition 4.3. There is a canonical morphism M.{G) — t- Ms- ^ ^og 
structure is minimal if and only if this morphism is an isomorphism. 

Proof. Consider the minimal stable Log map : C"^ — ?• Y over S"", and a 
log map S —7- S*"*, which satisfy the conditions in Proposition 13.161 Denote 
by fi the stable Log map given by the composition ()4.1.ip . Consider the 
minimal stable Log map : (jmm _^ y- over S^^''"' and the log map 

S"^ — >• S^^^^ given by Proposition 13.161 By (j3.7.2p . we have a fiber product 
of log schemes: 

(4.3.1) b = bi Xs_---Xs_^m ■ 

Note that the characteristic monoid of the right hand side of (j4.3.ip is given 
by M.{G). Thus, we obtain the map 

MiG) Ms- 

Assuming the log map / is minimal, this is equivalent to the map S — > S"" is 
an isomorphism, which is equivalent to the map on the level of characteristic 
Ms"^ — > is an isomorphism of monoid. This proves the statement. ^ 

4.4. The case of generalized Deligne-Faltings pairs. Consider a log 
map / : C — > y over S, such that 5 is a geometric point. We now assume 
that y is a generalized DF pair with a fixed global presentation P My- 
Thus by ()3.9.6p . we have a cartesian diagram of log schemes: 

(4.4.1) 




where Yi are DF pairs for i = 1,2,3. Let fi be the following composition 
(4.4.2) G^Y^Yi, fori = 1,2, 3. 

Then we obtain the marked graph Gi for the stable Log map fi as in Section 
14. li Note that by removing all the weights and orientations, the underlying 
graph Gi is the dual graph G of the underlying curve G over S, for all i. 
Denote by /™ : C™ — ?> Yi over Si the associated minimal log maps of fi. 
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and by : — > Y over S"^ the associated minimal log maps of /. By 
(j3.10.2p . we obtain a cartesian diagram of log schemes: 

(4.4.3) 5™ > S2 

Si > S3. 

Let A4 be the push-out of the following diagram in the category of toric 
sharp monoids: 

(4.4.4) MiG-s) >M{G2) 

M{Gi). 

Then we have: 

Proposition 4.5. There is a canonical map (j) : A4 ^ Ms- The log map f 

is minimal if and only if (j) is an isomorphism. 

Proof. The statement can be proved similarly using the argument as for 
Proposition 14.31 ^'^^ the fact that ()4.4.3p is cartesian. 4^ 

Remark 4.6. We feel that the expression of M using the push-out diagram 
(j4.4.4p is good enough for the purpose of calculations. But it is possible to 
write down an explicit formation of the base monoids as in Section 14.1.21 
We leave it for interested readers. 

4.7. Compatibility with Gross-Siebert's construction. As mentioned 
in the introduction, another construction of the stack of stable log maps 
is given by Gross and Siebert using so called basic stable log maps when 
the target is equipped with Zariski log structures. In fact, when both the 
Zariski condition and the generalized Deligne-Faltings or the condition in 
Proposition 13.131 apply to the log structures on the targets, the notions of 
basic log maps and minimal log maps are identical. 

Proposition 4.8. A stable log map is minimal if and only if it is basic in 
the sense of |GSl Definition 1.17]. 

Proof. This follows since basic log maps and minimal log maps satisfy the 
same universal property: by Proposition 13. 16l any given log map is uniquely 
the pullback of a unique minimal log map on the same underlying base 
scheme. The same universal property holds for basic log maps by |GSt 
Proposition 1.20]. ^ 

Remark 4.9. Both minimality and basicness can be defined by putting 
constrains on the characteristic monoids of the bases. Thus, Proposition 
14.81 can be proved directly by comparing the base monoids of both minimal 
and basic stable log maps. We provide an argument when the log structure 



18 



DAN ABRAMOVICH AND QILE CHEN 



on the target Y is Deligne-Faltings. The general situation can be proved 
similarly, but with more complicated notation and combinatorics. 

We assume that there is a map N'^ — )■ Aly locally lifting to a chart of 
M.Y- Consider the log scheme Yi as in Section \4A\ Let Di be the locus 
with non-trivial log structure in 1^. Consider a stable log map f : C ^ Y 
over a log scheme 5. Since both minimality and basicness can be defined 
fiber-wise, we might assume that S is a geometric point. 

Consider a generic point € C with associated irreducible component 
V S V{G), where G is the marked graph of /. In |GSl Construction 1.15], 
the factor can be viewed as the free monoid generated by the degeneracy 
Cy^i of V for i = 1,2, ■ ■ ■ ,k with the condition that = if and only if the 
component v does not map into Di, or equivalently v £ ^^^(G). Consider the 
monoid HgeC^ appearing as a factor in the expression \GS\ (1.15)], where 
q £ C denotes the nodes. It can be viewed as the free monoid generated by 
the elements ei for each / G E{G). Note that the condition aq{m) in [GSj 
Construction 1.15] is exactly the the edge condition hi^i in Section 14.1.21 
Thus, the description of and nqgc ^ using the elements associated to 
vertices and edges induces a natural isomorphism Q — > M.{G), where Q is 
the monoid defined in |GS1 (1.14)]. In fact, the object {Q, M.c, ip, (p) defined 
in |GS1 Construction 1.15] is equivalent to the data of a marked graph G. 
This provides an explicit derivation of Proposition 14.81 in this case. 

5. The case of a degeneration 

5.1. Stable log maps relative to a base. Consider a family of projective 
log schemes ir : X ^ B, such that Mx and Mb are generalized DF log 
structures. We defined in |Chen[ Definition 2.1.2] that a family of pre- stable 
log maps over S with target X/B is a commutative diagram of log schemes: 

(5.1.1) C— 



such that the family C — > 5 is a pre-stable log curve. For simplicity, we 
denote it by ^ = (C — )• S, f, 4>), and omit the target X ^ B, \i there is no 
danger of confusion. The log map ^ is called stable, if the underlying map 
is stable in the usual sense. 

Consider two pre-stable log maps = (Ci — )■ Si, fi,(j)i) and ^2 = (C2 — > 
5*2, /2, 4>2)- An arrow ^1 ^2 is given by a pair ((7 : Ci — > C2, /i : 5i — )■ 52) 
which fits in the following commutative diagram: 

9 fl 

Gi — U G2 X 
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such that the square on the left is a cartesian square of log schemes, and 
/2 = /i o 5 and 02 = (/"i o h. 

We fix a curve class /? on the fiber of vr. Define /Cg^„(X/B, /9) (respectively 
KJg\n{X/B, /?)) to be the fibered category over HogScf), parameterizing stable 
(respectively pre-stable) log maps to X/B with genus g, n-marked points 
and curve class /3 on the fiber. 

5.2. The case when tt : X ^ B \s strict. Note that we have a natural 
map JCg^n{^/B, /3) JCg^njX /B, 0) by removing all log structures from the 
target. Thus, the stack /Cg^„(X/5, /3) is the stack of usual stable maps to 
X IB with the canonical log structure from the underlying curves. Note that 
the stack fCg^n{]L/ B_, (3) is proper over Similarly, we have the natural map 
K,l'',n{X/Bj) JC^g^n{X/B,(3), where Kfg'niX/B,^) is the stack parame- 
terizing usual pre-stable maps to X/B with the canonical log structure from 
the underlying curves. We first consider the strict case: 

Lemma 5.3. Assume that the map n : X B is strict. Then there is a 
canonical isomorphism of log stacks 

/C^-(X/I?,/3) -/C^-(X/fi,/3) xbB. 

In particular, by requiring the stability conditions, we have 

}Cg,n{X/B,P) ^ JCg,n{X/B,P) XbB. 

Proof. Consider the following commutative diagram 

(5.3.1) ^:^{X/B,f3) yB 

TT 

^:n{X/B,/3) >B. 

We need to prove the above diagram is cartesion. Consider an object 

C = {p:C^S,f:C^X,cl):S^B)e /Cg,„(X/B, (3). 
This is equivalent to have 

e = {p : C ^ S,l: C ^ X,^: S ^ B) ^ ICg,n{2L/B, (3) 

and maps of log structures f^ : f*Mx Mc and (f)' : (j)*MB — > Ms such 
that the following diagram of log structures is commutative: 

(5.3.2) roTT*MB >rMx 

p*Ms > Mc- 

Since the map vr is strict, the data of f^, (f)' , and (j5.3.2p is equivalent to give 
a map of log schemes (p : S ^ B, whose underlying structure is compatible 
with in This proves that (|5.3.ip is cartesian. 
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The second statement follows since 



5.4. Stack parameterizing log sources and targets. Denote by ^^ftg ^i 
the stack of pre-stable curves with its canonical log structure. It is proved 
in [KatOOj that the log stack fUl^.n represents the category of all genus g, 
n-marked pre-stable log curves over £096 cf). Consider the new stack 

55 = 5 X Tlg^n. 

It represents a fibered category over HogSct), such that for each log scheme 
S, it associates diagrams of the following form: 



(5.4.1) C 



S—^B, 



where C is a log curve. Denote ()5.4.ip by C = {C/S,(j)). Given two 
objects Ci = iCi/Si,(j)i) and C2 = {C2/S2, (f>2), an arrow C2 Ci is given by 
the following commutative diagram: 



(5.4.2) Ci C2 



h 



"1 



Si S2 B, 
such that the square is catesian of log schemes, and (1)2 = 4>i ° h. 
Lemma 5.5. We have the following canonical isomorphism of log stacks: 

*B-/C^-(B/i?,0). 
Proof By Lemma 15.31 we have 

}CP';::{B/B,0) ^ KP;^^{B/B,Q) y<BB = 97tg,„ 5 = 

5.6. Construction of ICg^n{X/B, (3). We have the following: 

Proposition 5.7. The fibered categories ICg^n{X / B , /3) and ICg^n{X/B, P) 
are represented by algebraic stacks with a natural fs log structures. Further- 
more, the underlying stack of ICg^n{X/B, 13) is a DM-stack of finite type. 

Proof. Consider the stack ICg^n{B, 0) as in Remark 13 . 1 1 1 and the natural map 
/C^y/(X,/3) ^ /Cgyn(S,0) induced hy n : X ^ B as = 0. We have the 



STABLE LOGARITHMIC MAPS TO DELIGNE-FALTINGS PAIRS II 



21 



following commutative diagram: 



(5.7.1) K:1:^{X/B, (3) > 1CI^{X, /3) 



OS > lCi:^{B, 0), 

where the right arrow is induced by vr, the left and top arrow is obtained by 
removing the maps to X and to B in (j5.1.1|) respectively, and the bottom 
arrow is obtained by the composition in (j5.4.ip . 

In fact, giving an object ^ = (C/S*, /,</)) G lCg^n{X/B, P) over 5 is equiv- 
alent to giving an object ( = {C/S,4>), and a stable log map f : C ^ X, 
which induce the same map C —?■ B. Thus (j5.7.ip is a fibered diagram of 
fs log stacks. This proves that )Cg^n{X/B, (3) is an algebraic stack with a 
natural fs log structure. Note that with stability condition, ICg^niX/B, P) 
forms an open substack of ICg^n{X/B, f3), hence is also algebraic. 

Note that the image of the ICg^n{X/B, f3) in *B is contained in an open 
substack of finite type. Therefore, the stack ICg^n{X/B, f3) is of finite type. 

Finally, since *B = ICg^n{B/B, 0) by Lemma [5.5l it follows that the bottom 
arrow of (jS.T.ip is representable. Since the underlying stack of ICg^n{X,/3) 
is a DM-stack, the finiteness of saturation implies that the underlying stack 
of ICg^niX/B, P) is also a DM-stack. 

This finishes the proof of the statement. ^ 

Proposition 5.8. The stack ICg^niX/B, (3) is proper over B_. 

Proof. Denote hy X = J^xb B. Thus we have a canonical map X ^ X, 
and a strict map n' : X ^ B. Note also that the log structure on X is of 
generalized Deligne-Faltings. By Proposition 15.71 and (j5.7.ip . we have the 
following cartesian diagram: 



(5.8.1) }Cg,n{X/B, (3) > }Cg,n{X, 13) 

Kg,n{X/B, p) > }Cg,n(X, P) 

05 >/Cg:„^(S,7r,/3). 



Note that by Corollary 13.101 both /Cg^„(X, /3) and ICg^n{X,P) are repre- 
sentable and finite over JCg^ni2L: P)- It follows from |LMBOO( Lemma 3.12] 
that the canonical map /Cg^„(X, /3) lCg^n{X , P) is representable, hence is 
proper. By Lemma [5^ the stack ICg^niX /B, P) is proper over B. Thus the 
statement of the proposition follows. ^ 
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5.9. Minimal objects in the degenerated case. By (I5.7.ip . we have a 
universal diagram of stable log maps: 

(5.9.1) C >X 

}Cg,n{X/B,P) >B. 

Definition 5.10. Consider a stable log map ^ = (C — > 5, /, cp) as in (j5.1.ip . 

It is called minimal if there is a map of underlying structures g ■ S_ —?■ 
ICg ,^{X/B, (3), such that ^ is obtained by the strict pull-back of ()5.9.ip via 

9- 

Corollary 5.11. Given a stable Log map ^ = (C S,f,(j)), there exists a 

minimal stable log map ^rnin — {,Cmin — ^ Smini fmini 4^min) j and a log map 
g : S ^ Sm.in such that 

(1) ^ is obtained by pull-back S,rnin via g. 

(2) The underlying map g is an identity. 

Furthermore, the pair {(,min,g) is unique up to a unique isomorphism. 

Proof. By Proposition 15.71 the log map ^ is equivalent to a log map S 
fCg^niX/B, P). Define S,min to be the minimal log map given by the under- 
lying map 5 — > }Cg .^{X/B, (5). This proves the statement. l|k 

5.12. Compatibility of minimality. We show that minimality in the de- 
generation case is equivalent to minimality of the map to the total space. 
First a lemma: 

Lemma 5.13. Given a stable log map = {C S, f, (j)) ICg^n{X / B , f3) , 
its image in ICg^^n{B,0) is a log map with zero contact orders. 

Proof. Note that the map }Cg^n{X/B, — >■ ICg^niB ,it^I3) factors through B, 
which induces stable log maps with only zero contact orders. ^ 

Proposition 5.14. Gonsider ^ = {C ^ S,f,(j)) € }Cg^n{X/B, (3) a stable 
Log map over S. It is minimal in the sense of Definition 15. lUj if and only 
if the induced stable log map f : C X over S in ICg^niX, f3) is minimal in 
the sense of Definition \3.15[ 

Proof. In fact, we will prove that the top arrow in (j5.7.ip is strict. This is 
equivalent to showing that the bottom arrow in (j5.7.ip is strict. This can 
be checked directly using the construction in the push-out diagram (j4.4.4p . 
Consider a diagram 

C 



induced by a strict map S ^ B. It is enough to consider the case that S_ 
is a geometric point. Then we obtain an induced log map h : C —?■ B over 
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S. Consider the minimal log map h' : C ^ B over S' with the following 
commutative diagram 

(5.14.1) c^^C'^^B 

such that h = h' oj, the underlying map k is identity, the square is cartesian 
of fs log schemes, and (p is the underlying map of (j). It is enough to show that 
the map on the level of characteristic A; : 5' — s- 5 is an isomorphism. 

Note that the map h' has only zero contact orders. Otherwise, the com- 
position h = h' o j will have non-zero contact orders, which violates Lemma 
15.131 Since all nodes of C is non-distinguished, all the edge equations in Sec- 
tion 14.1.21 is trivial. Hence the construction in Section 14.41 implies a natural 

splitting ^As' = A^s ~ (B Ai, where A1 5 ~ can be viewed as the submonoid 
in ^4s' generated by the elements associated to edges, and A4 is generated 
by the element associated to vertices. 

Q /g 

Oil the other hand, we have Ms = Mf- © (I)*Mb. The map k induces 
a map g : M (ffMs- Using the fact that all contact orders are zero and 
the construction in (j4.4.4p . we can check that g is an isomorphism. This 
implies that k is an isomorphism. 4^ 
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